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This paper provides mathematical estimate of workforce economic potential, laying down demographic ele-
ments’ pay-off formula to every age with probabilistic nature of time left to live taken into account, as well as formu-
la for determining an average worker’s economic potential accumulated by the certain age. Different age stages were 
taken into consideration while constructing the mathematical estimate of an economic potential, which enables us 
to estimate their economically active period. Demographic elements’ life expectancy is considered through popula-
tion withdrawal function. Numerical calculation is illustrated by an example of regional Udmurt Republic economic 
system statistical profile. Real density distribution of demographic elements by age is also taken into consideration, 
which enables us to raise calculation accuracy within an economic analysis of properties being studied.
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Regional economic system workforce 
economic potential estimate has a great prac-
tical application. It’s driven by need for pre-
cise analysis and correct prognosis of regional 
economic system status in order to develop 
social and economic policy of the region. Of 
note, workforce potential economic analysis 
and life valuation are deemed to be one of the 
most important economic demography growth 
areas [1, 2]. Estimates of the value of life and 
economic cost of health loss were put forward 
at [3]. The matter of an economic equivalent 
of the human life is being discussed in [4–6] 
studies as well. Researches in this field are es-
pecially relevant nowadays [7–9].

Purpose
The purpose of this activity is to estimate 

regional socio-economic system workforce 
in terms of analyzing its economic potential, 
and to evaluate region’s economy cost-effec-
tiveness and realized economic potential of a 
worker through mathematical and economical 
constructions as exemplified by one the regions 
of the Russian Federation.

Materials and research methods

Workforce potential estimate directly en-
tails demographic dynamic problem solu-
tion [10]; demographic dynamic defines work-
force size of a region, considering demographic 
elements’ age stages (fig. 1).

Age stages are taken into account while 
modelling regional system profile. While mod-
elling workforce economic potential estimate, 
it had been assumed that within every age 
stage, average demographic entity with its de-
fining average statistical values is used. Men’ 
and women’ economically active period, as 
well as their contribution to the public produc-
tion, is assumed to be equal.

Since per capita financing is in place, 
budget rate of consumption distribution is 
carried out taking into account demographic 
elements’ distribution density within every 
age stage.

Let’s estimate national cost recovery of 
average demographic element to the age of τ, 
considering the probabilistic nature of time left 
to live.

Fig. 1. Demographic elements’ age stages
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Let’s define s(t, τ) as national cost recovery function (accumulated balance). Its calculation 
formula is of the form:

	 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }
0

, 1 , , , , ,w gs t t t w t f t g t f t q t d
τ

  τ = − µ ξ ε ξ ξ − ξ − ξ ξ   ∫ .	  (1)

Fig. 2. Normalized distribution scale of an average unit value added depending upon demographic 
element’s age 

Formula (1) designations are: μ(t, ξ) – de-
mographic elements’ withdrawal function (we 
consider the probabilistic nature of time left 
to live with the benefit of this function in for-
mula  (1)), ε(t, ξ)  – function which defines a 
certain share of demographic elements of an 
age of  ξ, engaged in a labour activity within a 
year t. Term ( ) ( ),ww t f t ξ  refers to an econom-
ic potential of an average worker, provided that 
w(t, ξ) – value added per one average worker 
of an age of ξ in the year t function, ( )w t −  
averaged over all ages value added function, 
fw(t, ξ)  – normalized distribution scale of a 
produced average unit value added depend-
ing upon worker’s age. Term ( ) ( ),gg t f t ξ −  
ensuing estimated wage, as well as estimated 
public foundations’ cash payments, provided 
g(t,  ξ) – wage per average worker of an age of 
ξ in the year t function, ( )g t −  wage averaged 
over all ages function, fg(t, ξ)  – normalized 
distribution scale of a produced average unit 
wage depending upon worker’s age. Function 
q(t, ξ)  – budget expenditure distribution by 
demographic elements’ cohorts.

Let’s write down average worker’s econom-
ic potential accumulated by the certain age τ:

( ) ( ) ( ) ( ) ( )
0

, 1 , , ,wp t w t t t f t d
τ

 τ = − µ ξ ε ξ ξ ξ ∫ . (2)

Normalized distribution scales of an 
average unit value added fw(t, τ) and aver-
age unit wage value fg(t, τ) based on ar-

ticles [1, 10] are presented in Fig.  2. Let 
( ) ( ) ( ) ( ), , ,w gf t f t f t fτ ≡ τ ≡ τ ≅ τ . 
Let average values ( ) ( ),w t g t  of an added 

value w(t, τ) per average worker of an age of 
τ in the year t and wage amount per average 
worker of an age of τ in the year t g(t, τ) respec-
tively to be of the forms:

	 ( ) ( )
0

1 ,
m

m
w t w t d

τ

= τ τ
τ ∫ , 	 (3,a)

	 ( ) ( )
0

1 ,
m

m
g t g t d

τ

= τ τ
τ ∫ , 	 (3,b) 

where τm is a maximum reported age at death.
Let us introduce the following defini-

tions: W(t) – value added in the year t; G(t) –  
wage amount in the year t, εw(t, τ) demo-
graphic elements’ of an age of τ who made 
up ( )g t  or (G(t)) value in the year t, whereas 

( ) ( ) ( ), , ,w gt t tε τ = ε τ = ε τ .
Since for normalized scales 

( ) ( ) ( ), , ,w gf t f t f tτ ≡ τ ≡ τ  could be rewritten 

as ( )
0

1 , 1
m

m
f t d

τ

τ τ =
τ ∫ , the following equations 

take place:
	 ( ) ( ) ( ), ,w t f t w tτ = τ , 	 (4, a)

	 ( ) ( ) ( ), ,g t f t g tτ = τ , 	 (4, b)
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As far as production facilities dynamics 
equation K(t) with an amortization coefficient 
η, written down by means of gross regional 
product (GRP) value Y(t), produced in the year 
t (e.g. [11]), is of the form:

	 ( ) ( ) ( )W t Y t K t= − η , 	 (7)
formula (6,a) used for figuring average 

value added produced by an average worker of 
the age of τ in the year t, could be rewritten as:

	 ( ) ( ) ( )
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− η
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τ ε τ ρ τ τ∫
. 	 (8)

Let’s now define a function q(t, τ), which 
is contained in a formula (1) and represents 
budget expenditure dispersion by demographic 
elements’ cohort. In accordance with [9], it’s 
calculated via the following formula:
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Formula (9, а, b) definitions are: BN(t)  – 
size of funds of an N th budget line, that ad-
dresses social and economic development; 
ρ(t, τ) – population distribution density within 
every age stage in the year t, [ ]1 2,N Nτ τ −  dif-
ferent life periods during which he exerts to 
material means of one N th regional budget 
line or another; Alignment of budget lines that 

address social and economic development can 
be found in [11]. 

Research results and deliberations
Thereby, all components which make up 

formulas (1) and (2) are set. Now we can cal-
culate cost recovery of a demographic element 
to an age of τ with probabilistic nature of time 
left to live taken into account, as well as an 
economic potential (2) of an average worker, 
accumulated by the certain age τ.

Here are some calculations as exemplified 
by regional Udmurt Republic (UR) system for 
the year 2018 according to data provided by an 
Official statistics section (National accounts, 
Population, Entreprising subsections) of Gos-
komstat website [12] and by Budget perfor-
mance section (“Russian Federation territorial 
entities’ consolidated budgets” subsection and 
“Community-based state non-budgetary funds 
of Russian Federation territorial entities” sub-
section) at the Federal Treasury website [13].

Fig. 3, а presents cost recovery (the amount 
of an accumulated balance) graph s(t,   τ) of an 
average demographic element to the age of τ. 
Fig. 3, b presents demographic element econom-
ic potential distribution according to the age.

Function graph exceeds negative values at 
point τ = 28 (fig. 3, а) which corresponds to 
the age of a demographic element. Henceforth, 
positive balance for an economy of a region 
emerges, made by the difference between ex-
penditures and labour effective output of a de-
mographic element. In case of his withdrawal 
after τ = 28, direct regional economic damage 
occurs as expected labour effective output 
doesn’t overcome the expenditure and there-
fore is at loss.
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Economically active population shrinks 
down to the age of τ = 60; however, the curve 
does not leap. The reason for this is that a cer-
tain share ε(t, τ) of demographic elements con-
tinues the labour activity and still takes part in 
forming the value added during that span.

Part of the value added by demographic el-
ement at a time of active working life is being 
distributed over pension payments, therefore 
accumulated balance declines.

Calculations (as shown in fig. 3, a) also in-
dicate that as of 2018, profit brought by demo-
graphic element to region’s economy amounts 
to 8,8 million rubles; notably, maximal labour 
productivity (11,2 million rubles) is reached at 
the age of τ = 63÷64.

Economic potential of a demographic ele-
ment (e.g. fig. 3, b) comes to fruition starting 
from the age of τ = 22, and becomes a constant 
value at the age of τ = 70.

Conclusion
This way, the mathematical estimation of a 

regional economic system workforce potential 
was obtained. We’ve built formulas which en-

able us to estimate worker’s regional cost-ef-
fectiveness expressed in monetary terms, and to 
estimate worker’s realized economic potential. 
Numerical calculations are evaluated by means 
of one of Russia’s regions – the Udmurt Repub-
lic; it represents a typical Russian region [14] for 
a number of socio-economic properties, which 
are defined by national average values. There-
fore, calculations available from the research by 
means of studying certain economical indicators 
can be extrapolated to the Russian Federation 
altogether. Obtained results and conclusions can 
be exploited further during a thorough socio-
economic analysis of a regional system.
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