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Physical Meaning of Complex Solution
Let us explain physical meaning of the 

complex turbulent solution. So, we will con-
sider real solution of ordinary differential 
equations system xα(t). 

Let us assume that initial data have an av-
erage value  and mean root square . 

Mean root square of initial data for Na-
vier – Stokes equation is defi ned by surface 
roughness or by initial data which are not pre-
cisely defi ned. Then, for mean root square of 
the solution we have

Then

 (1)

Here I will provide the formulation of in-
verse Pythagoras theorem. For any three of pos-
itive numbers a, b and c, such that a2 + b2 = c2, 
there is a rectangular triangle with legs a and b 
and hypotenuse c. Hence, mathematical mean 
value and mean square deviation form legs 
and hypotenuse is an average square root of 
the value. That is, average  is orthogonal to 

mean square deviation  which forms 
imaginary part of the body coordinate. Thus, 
the Cartesian space with oscillatory high fre-
quency velocity (period of fl uctuation is less 
than measurement time), obtained as a result 
of averaging in time, becomes complex space. 
That is, in case of large mean root square of 
the real space, it should be considered as com-
plex three-dimensional space where imaginary 
part corresponds to mean square deviation. At 
the same time, there is following relation be-

tween variables  
, and the complex number α is chosen 

in such a way that the imaginary part had posi-
tive or negative value. Mean square deviation 
satisfi es this condition. But sometimes the 
mean square deviation is positive, for example, 
in case of dielectric permeability where posi-
tive and negative charges have an infl uence. 

In this case we have a formula  
where real part is proportional to positive mean 
square dipole deviation and conductivity is 
proportional to average value. But conductiv-
ity is divided by frequency which has positive 
and negative sign. 

Therefore, algorithm for fi nding of average 
solution or average solution in phase space and 
its mean root square is reduced to fi nding of 
complex solution. The average solution corre-
sponds to real part of solution, and second pow-
er of complex part corresponds to mean root 
square of the solution. This is physical mean-
ing of complex solution, real part is an average 
solution, and imaginary part is a mean square 
deviation. And real and imaginary parts are 
orthogonal and form complex space. Really, 
according to inverse Pythagoras theorem, due 
to formula (1) mathematical mean value and 
mean square deviation form legs and average 
square is a hypotenuse. 

Here we would like to note that when cal-
culating the fl ow motion and one term of a se-
ries is taken into account, it is necessary to 
take square root of imaginary part as forward 
velocity is calculated. The imaginary part cor-
responds to square root of oscillatory part of 
dimensionless velocity. 

This situation is similar to calculation of 
deviation at random choice of forward or back 
step with probability 1/2 and the point position 
after N steps is defi ned by . 
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Real and imaginary parts of the solution 
are located on different axes of complex space. 
But if you average imaginary dimensionless 
part, you will have

And the solution is equal to the module of 
the last value and, for different roughness, the 
imaginary part of the solution should be mul-
tiplied by averaging multiplier. At the same 
time, if all coeffi cients of a series in non-linear 
equations system are calculated, it is not neces-
sary to calculate square root of imaginary part. 
It is necessary to summarize complex values 
and to calculate module of the sum. 

Now we will show that the imaginary part 
of complex derivative of coordinate in phase 
space of the differential equation forms pulsing 
coordinate motion in phase space, i.e. in space 
of variables

Average values are used for variables as, 
at molecular level, the medium is not smooth. 

Lemma. Complex solution yields fl uctuat-
ing pulsing function of fl ow motion coordinates.

The imaginary part of velocity corresponds 
to rotation speed in phase space. As rotation ra-

dius is known, it is also possible to determine 
rotation frequency. In the rotation plane, com-
plex velocity with constant rotation radius and 
constant frequency can be written in the form

In case of varying over the space stationary 
speed, locally, this formula can be written for 
one plane as

and frequency is dependent on time as the phase 
shift is provided as a result of harmonic oscil-
lations in neighboring points. Sum of harmonic 
oscillations with different time-dependent fre-
quencies defi nes pulsing mode in phase space at 
stationary complex velocity. That is, this com-
plex velocity defi nes the coordinates of phase 
space points pulsing in time. The situation is 
similar to existence of several stationary vor-
texes defi ning the pulsing rotation of the fl ow.

Lemma 6. Three-dimensional fl ow veloc-
ity can be written in the form 

   
And velocity is defi ned in the form of inte-

gral of tangent acceleration by formula 

Integral of perpendicular component of acceleration defi nes perpendicular component of ve-
locity by formula 
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At that value of local velocity is 
 . But value 

of velocity obtained as a result of integration of 
centripetal acceleration is not zero ,
but this velocity become equal to zero for the 
same initial point, at constant particle velocity 
and constant curvature radius with rotation pe-

riod , where R – curvature radius. For 

variable particle velocity depending on time, 

when one of the integrals , which, at 

fi nite curvature radius of one sign of the trajec-
tory, is fi nite and equal to 

    

as tangential direction tl, changes sign in the 
course of rotation. 

Tangential acceleration is defi ned by for-
mula 

Direction of velocities ΔVtl, ΔVnl is orthog-
onal, their sum yields increase of motion ve-
locity module

as   
Components of these projections, differ-

entiable with respect to time, defi ne tangen-
tial and orthogonal accelerations. At the same 
time, concepts of tangential and orthogonal 
velocities are entered which, in the Cartesian 
space, are not orthogonal to (Vt, Vl) ≠ 0, but 
in six-measured complex space they are or-
thogonal, and their module of complex vector 
Vl = Vtl + iVnl is equal to 

It can be proved by use of expression 

  and calculation of 

module as product of complex conjugate vec-
tors taking into account orthogonality of six 
real unit vectors. 

Conclusions
Thus, solution of Navier – Stokes 

equations for not multiple balance po-

sitions is obtained. It is defined by 
expressions

   l = 1, ..., 2N;

where values  are coordinates of balance po-
sitions. 

Laminar solution corresponds to the solu-
tion of linear problem with convective term av-
eraging; structure of turbulent solution is

where gnk(t) – known defi ned continuous func-
tion, value of  is de-
fi ned from initial conditions, and . 
At that, the solution contains a lot of poles 
which, for real solution and real initial data, 
yield infi nity. 

At real time and complex initial conditions 
which defi ne complex value of , and, 
as g(t) is real, the complex solution is fi nite.

At that, formula 

  l = 1, ..., N.  (2)

may have branching points in which the so-
lution continuously passes into other branch 
of the solution. This does not contradict the 
theorem of solution uniqueness for Cauchy 
problem as the left part of the differen-
tial equation tends to infi nity in branching 
point. Derivative of right part of ordinary 
differential equation also tends to infi nity in 
branching point. So we have a point of dis-
continuous solution. But this solution can be 
continued by a formula (2). 

This situation is similar to Schrödinger 
equation when generally we have fi nite number 
of solutions. It is not surprising as Schrödinger 
equation can be reduced to Navier – Stokes 
equation. Now we will prove it. For this we 
will write down Schrödinger equation and will 
transform it using equality



EUROPEAN JOURNAL OF NATURAL HISTORY № 3, 2016

87Physical and Mathematical sciences

Dividing the equation by mass mψ we obtain the equation

Now we will write a private derivative equation, will take a gradient of both parts of equation 
and will enter real velocity to the formula

Substituting velocity value into transformed Schrödinger equation, we have 

   

Now we have three-dimensional Navier – 
Stokes equation with pressure corresponding 
to potential. Nevertheless, the hydrodynamic 
problem differs from the equation of Navier – 
Stokes derived from Schrödinger equation and 
continuity equation. 

At the same time it is possible to draw 
an analogy between laminar single-value mode 
and free, single-value description of bodies. 

Between turbulent mode, having fi nite 
number of solutions, and description of bound 
particles having fi nite number of solutions. In 
case of turbulent complex and laminar real 
modes there is a boundary between them and 
critical Reynolds number. The similar bound-
ary is available between free and bound par-
ticles description, which corresponds to en-
ergy transition from negative to positive state. 
In turn, Navier – Stokes equation has to have 
discrete energy levels of turbulent fl ow states, 
transitions between these states with energy 
emission or absorption have to be realized.

The boundary between free particles de-
scription and bound particles description can 
be defi ned, this is transition to complex quan-
tum number or to infi nity of the main quantum 
number of hydrogen atom. At that, infi nite 
quantum number of hydrogen atom, passing 
through zero value of expression 1/n2 where 
n – main quantum number, becomes imaginary 
and continuous. Wave function of free motion, 
which is continuous at continuous energy, cor-
responds to laminar solution of hydrodynamic 
problem for which single valued solution ex-
ists. And for large quantum number, the sys-
tem is quasi-classical, i.e. for quantum number 
which is close to boundary (quantum number 
is equal to infi nity) system is almost classical.

And there is a boundary between free solu-
tion and solution which describes bound states. 
This is zero energy value and, likewise non-
linear private derivatives equations, boundary 
exists between turbulent complex solution and 
laminar real solution.


