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We have found the expected number of inspected items, before the inspection is stopped, for such inspection
stopping rules as “out of the last r items, & items are defective” for both conventional inspection procedures and
inspection with memory. Also, we have found the expected number of inspected items, before the inspection is
stopped, for such an inspection stopping rule as “out of the last r, items, 2 items are defective, or out of the last 7,

items, k, items are defective” for conventional inspection.
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The continuous inspection plan [1, 2, 3]
is defined as a set of control rules and actions
aimed at detecting the deterioration of prod-
uct quality and at taking measures to normal-
ize the production process. Those plans use
such stopping rules as “out of the last  items,
k items are defective” (r, k are integers, > 2,
2 <k <r). The application of such plans, when
the inspection is stopped, implies that after the
equipment is changed over or replaced, the
inspection is recommenced without recording
the results of the previous inspection.

This can be interpreted in the following
way. Every produced item meets the standards
with probability close to 1. Long-term produc-
tion may lead to equipment failure, causing
product quality deterioration. Once product
quality deterioration is detected, inspection is
stopped, the equipment is changed over or re-
placed to achieve product quality recovery and
the inspection is recommenced without record-
ing the results of the previous inspection.

Equipment changeover is impossible in
human health risk management. In this case,
when inspection is stopped, health risk reduc-
tion measures are taken. However, such meas-
ures cannot produce an immediate effect as
they have a longer term impact. Taking this into
account [4, 5] has proposed a new approach —
continuous statistical inspection with memory.
In contrast to the conventional inspection plan,
continuous inspection with memory memoriz-
es the last result after stopping of the inspec-
tion procedure and the next inspection does not
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start from ““point zero” but recommences tak-
ing into account the previous inspection data.

Inspection stopping rules
as recurrent events

Ithas been shown [4, 5] that an inspection stop-
ping rule can be interpreted as an event £, which
a finite set of conditions 4, 4,, ..., 4, correspond
to, and the expected number of the inspected items
until the occurrence of the event E is:
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5
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where 4, 4,, ..., A, are conditions correspond-
ing to the event £; [= E%)[%]L(Aj) 1s the maxi-
mum length of a condition corresponding to
the event E; c, is the probability of transition
from conditions 4, 4., ..., 4,,, corresponding to
the event E, into the same conditions by / steps.

Main results

Inspection stopping rules I, are used for
the plans of continuous inspection by attrib-
utes. The probability of each item to be non-de-
fective and defective is p and ¢ = 1 — p, respec-
tively. A non-defective item will be hereinafter
designated as “0”, and a defective item as “1”.

Let us consider a classical case of inspection,
i.e. the case where the previous inspection data
are not recorded. We list all the conditions, which
cause the stopping of inspection, for the stopping
rules “out of the last 7 items, k items are defec-
tive” with k£ > 2, r > k. These conditions are:
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It is not difficult to see that the conditions,
which have the length (the number of noughts

and ones in a condition) of k are C, ,f:zz conditions
(i.e. only one condition), those, which have the
length of (k+ 1), are C(’j;zl)_z conditions. Us-
ing the same line of reasoning, we obtain that
the conditions, which have the length of » are

C*} conditions. Therefore, the probability of

the event £, which denotes the stopping of in-
spection according to the rule “out of the last
items, k items are defective”, is equal to

P(E)=4"Y p™C}

i=k

or
r—k
P(E)=q4"Y p'Cl,,.
=0

Let / be the maximum length of the condi-
tions corresponding to the event E, 7 equals 7.
Note that ¢, =1 and let us find ¢, , the prob-
ability of transition from the conditions, corre-
sponding to the event E , into the same condi-
tions (4 varies from 1 to /- 1).

We shall use the following line of reason-
ing. During % steps, there can be i defective
items (i varies from 1 to £ — 1). The number
of & steps should not be fewer than the number
of defective items, but should not exceed the
number, which equals (/ — k& + 7). Moreover, the
number of variants of transition from the con-
ditions, corresponding to the event £, into the

.. . i—1
same conditions is C,_,. Therefore,
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According to formula (1), we obtain the
following equation for the expected number
of the inspected items, before the inspec-
tion is stopped by the rule “out of the last »
items, k items are defective” at k> 2, r >k,
when each item has probability p of being
non-defective, and probability g =1 — p of
being defective:

k=1 r—k+i
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W(E) = - @

In fact, we have proved the following
theorem.

Theorem 1. The expected number of
the inspected items, before the inspection
is stopped in conventional inspection by
the rule “out of the last r items, k items are
defective”, with ¢ denoting the probability
of defectiveness of each item and p =1 — ¢
the probability of non-defectiveness of each
item is equal to (2).

Let us consider inspection with memory,
i.e. the case, where the data on the last in-
spected item is memorized when the inspec-
tion is stopped. Suppose that a defective
item has been observed before the inspec-
tion is commenced. Let us list all the condi-
tions (series), which lead to the stopping of
the inspection, for such inspection stopping
rules as “out of the last r items, k items are
defective” at k > 2, r > k. These are the fol-
lowing conditions:
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It is not difficult to see that the conditions,  event £, I” equals 27 — k + 1. Note that ¢,= 1
which have the length of £ — 1 and the length  and let us find ¢,» the probability of transition
of (r — k+ 1) + (k) are C’(k,;fz conditions, those, from the conditions, corresponding to the event

. E/ into the same conditions (4 varies from 1
which have the length of k and the length of fo 7 — 1). We reason by analogy with the pre-

(r—k+1)+ (k+1)are G k+1) -2 conditions. Us-  vious case. Let us schematically present, for
ing the same line of reasoning, we obtain that the sake of illustration, the structure of steps
the conditions, which have the length of r - 1 for the number of inspection steps, which vary
and the length of (» — k+ 1)+ (7), are (,) ?, fromltor—1:

condltlons Therefore, the probability of the

event £/, which denotes the stopping of in- b steps from 1 to r-1

spectlon according to the rule “out of the last » Y XX XXX [1]
items, k items are defective”, in inspection with R T ’
memory ls equal to idefectiveitems
r r
P(EIP)Z qk_lzpl kC(]:)zz +qkzp(r kD H~ k)C(lj)zz h steps from r+1 to 2r—k+l1 \
i=k i=k
or 0,0,.......,0, X, X, X, X, X[l ),
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r=k+l k defective items + nondefective items

r=k r=k

PY_ k-1 ¥al k (r=k+1)+j ~j
P(E, )—q 2P Chuatd Yp Cliyesa:
J=0 J=0 where “1” is a defective item, “0” is a non-de-
fective item and “X” is either a defective item

Next, let us assume that /” is the maximum :
or a non-defective one. Then

length of the conditions, corresponding to the

"1 k=1 r—(k~1i)

_ zl i h—i k (rk+1)+j
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Therefore,
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C] =1+ C Z J+k— 2q p
j=0 =l h=i

Plugging the obtained values of the probability of the event and the sum of the probabilities
of transition of the conditions, corresponding to this event, into the same conditions, into formula
(1), we obtain:

k-1 rf(kfl)
1+ Clhg'p™ +Z T ad p Y
P i=l =i
wE)=—"—5 — : (3)
q p'C ]+k 2 t4q Zpr jCj+k 2
Jj=0
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Let us develop a theorem based on the
proposition, that was proven above.

Theorem 2. The expected number of the in-
spected items, before the inspection is stopped,
in inspection with memory by the rule “out of
the last r items, k items are defective”, with ¢
denoting the probability of defectiveness of
each item and p = 1 — ¢ the probability of non-
defectiveness of each item is equal to (3).

Evidently, for any fixed set of 7, k and ¢, the
following inequality is true:

WE) <uE).

An additional result
It is clear that we can similarly consider in-
spection stopping rules P,, which are employed
for the plans of conventional continuous in-
spection by attributes. The probability of each
item to be non-defective and defective is sup-

(1,1 (1,0, 1,1 ) (1., 1,0,1) ..

ky ki +1 ke +1

(4)

posed to be p and ¢ =1 — p, respectively. The
inspection stopping rule P, is “out of the last r|
items, k, items are defective, or out of the last
r, 1tems, k, items are defectlve where r, > r,
k >k and k > 1.

Let us consider a conventional inspection
case, i.e. the case where the inspection data is
not recorded when the inspection is stopped.
For inspection stopping rules P, assume that
k)/(k, — 1) is an integer (note that at k, =2 the
number is always an integer) and let us describe
all the conditions corresponding to the occur-
rence of the event £, . 4 ., i.e. the inspection
stopping rule “out of the last r items, k, items
are defective, or out of the last 7, items, £, items
are defective”.

Let us first list those conditions, which cor-
respond to the occurrence of the event “out of
the last r items, k, items are defective”. The
conditions are:

S( 1,0, ko, L. ,1),...,(1,...,1,0,.;.;0,1 ).

Then, we list the conditions, which correspond to the occurrence of the event “out of 7, (1, > 7))

last items, k, (k,> k) items are defective”. Note that until the occurrence of such an event, the
condition, corresponding to this event, may have no more than (k,— 1) successive defective items.
Otherwise, the event “out of the last r items, k, items are defective” would occur earlier. Moreo-
ver, between the neighboring groups consisting of 7 and j defective items, if i +j > k , there should
be a group consisting of no fewer than (k, — 7) non-defective items, where 7= max(i; j). Now,
taking into account that £ /(k, — 1) is an integer, we assume that it equals k. Thus, the minimum
length, which is equal to

k
ny =k, +(k, =1)(r, = k, +1)=k2+[k _2

_lj(ri _kl +1)a
=1

belongs to the following condition

< L,..,10,..0,1,...1,...,
—_—

k-l -kl k-l

where k; groups con51st1ng of (k, — 1) defective items and (k, — 1) group consisting of (v, — k, + 1)
non-deféctive items. It is clear that the length, which is equal to

k, +( i —1](r1 k +1)+1,
kl

belongs to the following conditions:

( 10,001,050, 1Ly Lo, L1 1,0, 11, 0,000, 1Ty 11 )

( 1,..1,0,..,0, 1,...,1,..1,..1,0,1).
—_— — )

| —

S =k +1 k-1
1

k

Using the same line of reasoning, we find that the maximum length, which is equal to r,, be-
longs to such conditions as

(10,..0,1,.,1,0,..,0,1,..,1,. ,1,..,1) (1 1,0..0,1,...1....1,..,1,0,..0,1 ).
—_— e e

[N — N ___J [N
ry—ny k=2 =k +1 k-1 2 rl—k1+1 kl kl 1y~
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Then, the probability of the occurrence of the event £, , , , equals the sum of probabilities of

the conditions, which are described above:

=k

1y =(kg=1)(r ~ky +1)—k,

p ithy-2"

P(E}",Vz,klakz): q"‘ Z piq+kl_2 +qkz (ko =1)(r; =y +1) Z iCi (5)
i=0

i=0

Let us fix k, =2 (k, is an integer) and find P (E,l,,z,z,kz ), i.e. the probability of the occurrence

oftheevent £, , ,,:

Nshy

1y =1 (ky=1)-1

-2 5
p(Er] i ): qZZpi +g" ptaa Z picii+kz—2' 6)
i=0

/-1

i=0

Now we find ZC,. To do this, let us note that base “1” is included into any condition, cor-

J=0

responding to the event E, . ,, and ¢, = 1. Then, it is easy to see that

/-1 =2 =1 (ky-1)-1
_ i k=1 (k,=1)(5 1)

26 =lwg) plagtpt Y

j=0 i=0 i=0

k-2
i J o jn-1)
PCL o+ p”

ry—r(ky —1)-1

p'C

i+j-1°

)

j=1 i=0

Indeed, the first summand reflects the fact that ¢, = 1, the second and the third summand re-

flects the probability of transition into the conditions, corresponding to £, ,, »,, from base “1”. The
forth summand is the sum of the probabilities of transition into the conditions, corresponding to

the event E

N>

2.4, from bases, which are different from base “1”.

Thus, we obtain the expected number of the inspected items, before the inspection is stopped,
by such inspection stopping rule as “out of the last », items, 2 items are defective, or out of the last

r,items, k,items are defective”:

-2 =i (k ~1)-1 k=2 r=ri (k =1)-1
i k-1 (ky=1)(5i-1) i i J oG-l i i
L+g) p'+q " pe Y piCL L+ D Y piC
i=0 i=0

lvl(Er1 75 2k )=

i=0

In fact, we have proved the following
theorem.

Theorem 3. The expected number of
the inspected items, before the inspection
is stopped in conventional inspection by the
rule “out of the last | items, 2 items are de-
fective, or out of the last r, items, k,items are
defective”, with g denoting the probability
of defectiveness of each itemand p =1 — ¢
the probability of non-defectiveness of each
item, is expressed by formula (8).

Conclusion
Inspection stopping rules play a signifi-
cant role in a continuous inspection plan, in
which they are included.
In practice, using any inspection stop-
ping rules, the following measures are tak-

= i=0
=1 (ky-1)-1 : (8)

n=2
2 i k(b =1)E—-1) i i
Y. p'+qtph Y i,

i=0

en. If the really inspected number of items,
before the inspection is stopped, is fewer
than the expected number of the inspected
items for fixed p (the probability of item’s
non-defectiveness, i.e. for the normal pro-
duction of items), then measures are taken
to normalize the production process. These
may be the producing equipment changeo-
ver or replacement in flow-line production
or preventive measures in human health
management. If the really inspected number
of items, before the inspection is stopped, is
greater than or equal to the expected num-
ber of the inspected items for fixed p, then
inspection is continued without taking any
measures.

This can be interpreted in the follow-
ing way: what happened, happened. In this
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case, in conventional inspection statistical
data is not recorded while inspection with
memory memorizes the last inspection step.
It is the distinction between inspection with
memory and conventional inspection.

In this work, we demonstrate that the num-
ber of inspected items, before the inspection is
stopped, for any fixed set 7, k, g and for a fixed
inspection stopping rule in inspection with
memory is fewer than that in conventional in-
spection, which follows from relation (4). In
[5] a table for inspection stopping rule “out of
the last r items, 2 items are defective” was pre-
sented as an example.

The main results obtained in this work
for the inspection stopping rule “out of the
last r items, k items are defective” at k> 2,
r >k for conventional inspection as well as
for inspection with memory and for the rule

“out of the last 7, items, 2 items are defec-
tive, or out of the last r, items, k, items are
defective” for conventional inspection, are
formulated in theorems.
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