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Mathematics modeling plays key role in analy-

sis of one of the most important problems – the prob-
lem of education. The question of training and obtain-
ing mathematical knowledge is particularly interest-
ing. The main goal of the research is the construction 
of model hierarchy. It has been defined what level of 
models should be used in different cases. The model 
of linear differential equations has become the basic 
mathematical model [2]. Then this system has got 
more complicated and transformed into the dynamic 
model of non-linear equations.  

The study of constructed models plays impor-
tant role together with the construction of mathemati-
cal model. One of the methods of analyzing the mod-
els that use systems of differential equations is the 
analysis of the solution stability. There are several 
methods of the examination of the stability of the dif-
ferential equations solutions. The stability of solutions 
in terms of Lyapunov has been used in this article. 
The stability in terms of Lyapunov implies the study 
of the endless time interval. The question of asymp-
totic stability is being analised in the article since we 

are interested not only in final interval during higher 
education, but also saving the residual knowledge. 

Let us divide a set of students into three 
groups. The first one consists of the students that are 
strong at studies, the second one – of those that are 
average at it, and the third group consists of weak stu-
dents. This distribution is conditional, it doesn’t re-
flect the degree of natural gifts, internal preparation, 
diligence, motivation. However the study of even such 
simple model allows us to obtain interesting qualita-
tive material.  

In the first model let us assume that the knowl-
edge is distributed equally within all three groups.  

Let us designate the level of knowledge within 

students in group i  as ( ) , 1, 2,3iN t i = , and the 

operating influence on group i  as ( )iU t . The operat-

ing influence can be persistent, discrete (control 
measures), or of combined type. Let us introduce coef-

ficients: 
iα  - the coefficient of knowledge within 

group i , 
iβ  - the coefficient of the forgetting of 

school material, 
iδ  - the coefficient of the controlla-

bility of group i , 
iε  - the coefficient of the controlla-

bility of group i  depending on the tutor’s qualifica-

tion level, 
ij

γ - the coefficient of the impact of group 

i  upon group j . As a result we have simple model: 

 

( ) ( ) ( )
3

`

1

, 1, 2,3.i
i i i ij j i i i

j

dN
N N U t i

dt
α β γ δ ε

=

= − + + + =∑  (1) 

 

As initial conditions we take initiall preparation of group. 
`∑ implies the summing on .i j≠   

Let us introduce some accurate definitions into 

the model (1). Coefficients ( ) ( ) ( ), ,i i ijt t tα β γ are 

dependent on time. We will take the effect of satiation 
into consideration, according to which the amount of 
knowledge within every group cannot exceed some 

utmost value 
*

i
N , that is special for every group. Fi-

nally, for every group there is a limit of operating in-

fluence that we will designate as 
*.
i

U . Considering 

this remarks, the model will take on form: 

 

( )
( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( )3
`

* *
1

1 1 .i i i

i i i ij j i i i

j i i

dN t U t N t
t t N t t N t t U t

dt U N
α β γ δ ε

=

    
= − + + + − −     

    
∑  (2) 

 
The initial conditions are the same as for 

model (1).  
In models (1) and (2) it was supposed that the 

knowledge had been distributed equally within the 
group. Let us renounce this supposition, assuming that 

the distribution of knowledge is going on according to 

parameter r . For the strongest student 0.r =  Then 

the model will take on form: 

 

( )
( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( )3
`

* *
1

1 1i i i

i i i ij j i i i

j i i

dN t U t N t
t t N t t N t t U t

dt U N
α β γ δ ε

=

    
= − + + + − − +     

    
∑
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( ), , 1, 2,3.i
i

dNd
r t i

dr dr
η
 

+ = 
 

 (3) 

 

( ),i r tη  here is the coefficient of knowledge 

transmission in group i . The level of initial prepara-

tion is taken as initial values in model (3). 
Let us study the dynamics of the educational 

processes, that has been obtained in numerical realiza-
tion of models (1)-(3). 

In simple model (1) ( ) ( )1, 2,3iN t i = shows 

the level of knowledge within the students of group i  

at the temporal moment t . If we define coefficients 

,i i ikα β− = , then the model will take on form: 

 
3

1

.i
i i ij i

j

dN
k N N

dt
γ

=

= +∑
 

This system can be also put down as: 

dN
AN

dt
=

 
The solution of this system should be searched in form: 

( ) ( ) 31 2

1 1 2 2 3 3, , ,tt t
N t p e N t p e N p e

λλ λ= = =
 

where 
iλ  are characteristics of the number of matrix A , 

ij
p  are coordinates of inherent vectors. 

Fundamental system of the solutions takes on form: 
 

31 2

31 2

31 2

1 1 11 2 12 3 13

2 1 21 2 22 3 23

3 1 31 2 32 3 33

( ) ,

( ) ,

( ) .

tt t

tt t

tt t

N t C p e C p e C p e

N t C p e C p e C p e

N t C p e C p e C p e

λλ λ

λλ λ

λλ λ

= + +

= + +

= + +
 

 

The permanent integrations of 1 2 3, ,C C C  can 

be found from the condition 0(0)i iN N=  - the ini-

tial amount of knowledge in the beginning of educa-
tion. As we adjust the coefficient of operating influ-

ence 
iδ , we will obtain different images of the system 

outgoing.  
Let us study the dynamics of the educational 

process considering satiation. This phenomenon is 
described in work [1]. Let us introduce one more defi-
nition: 

 

*

( )
( ) ( ) 1 .i

i i i

i

U t
t U t Z

U
δ

 
− = 

   
Model (2) will take on form: 
 

( )
( ) ( ) ( ) ( )

( )3
`

*
1

( ) 1 .i i

i i ij j i

j i

dN t N t
k t N t t N t Z t

dt N
γ

=

  
= + + −  

  
∑

 
 
In general view the system looks that way: 
 

( ) ( )1 2 3

( )
, , , 1,2,3 .i

i

dN t
f t N N N i

dt
= =

 
 
The solution is being searched in the following form: 
 

1 1 2 2 3 3( ), ( ), ( ),N N t N N t N N t= = =
 

 
where t  is independent variable (time). 
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Comparing the results of the realization of 
models (1) and (2) we can notice that in the first case 
the amount of knowledge grows unreservedly and 
within the second model the process of satiation takes 
place and the amount of knowledge doesn’t exceed 
definite limit. Such picture is more realistic so it is 
reasonable to use model (2).  

The research of the stability of the solutions of 
various models comes to study of the system of non-
linear differential equations [3]. The analysis of the 

stability of non-linear problems comes to study of the 
stability of linear equation solutions.  

Let the stability of stationary solution of the 
system of non-linear differential equations of type (1) 

( )N t . Vector 
*( )N t

r
is called the point of balance or 

the special point if the tutorial influence on the educa-
tional process is not considered. The equations system 
takes on form: 

 
3

1

( ) , 1,2,3.i
i i i ij j

j

dN
N N i

dt
α β γ

=

= − + =∑
 (4) 

Let us study the little deviation from the special point: 
 

*( ) ( ) ( ).N t N t N t= + ∆
r r r

 
 
As we decompose this function into the lines of Taylor, we have: 
 

3
* *

1

( ) ( ) ( ) ( ) ( ).
i i i i i ij j i i i

j

N t N t N N A N t G Nα β γ
=

+ ∆ = − + + ∆ + ∆∑  

 

Jacobian matrix A , function G  are formed 

by non-linear to N∆ terms of decomposition. We use 

the first method of the study of stability according to 

Lyapunov. Matrix A does not have inherent values 
with zero valid parts and multiple to inherent values, 

that is why while studying the stability if solution 
*N

r
 

the rest of line ( )G N∆
r

can be set aside. In work by 

I.V. Boykov [5] the theorem about the stability of sys-
tems of differential equations is proved is the condi-
tion is met: 

 

( ( , )) 0,T γΛ Β <
 

 
 

where Λ is logarithmic norm. The solution is 
stable, if the grubs of characteristic equation lie in left 
half-plane. As we move to new basis we come to lin-

ear system of differential equations. Re 0.kλ < The 

valid part of inherent values is less than zero and the 
state of balance will be stable. 
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